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Abstract: In the present universe, magnetic fields exist with various strengths and on various scales.
One possible origin of these cosmic magnetic fields is the primordial magnetic fields (PMFs) generated
in the early universe. PMFs are considered to contribute to matter density evolution via Lorentz force
and the thermal history of intergalactic medium (IGM) gas due to ambipolar diffusion. Therefore,
information about PMFs should be included in the temperature anisotropy of the Cosmic Microwave
Background through the thermal Sunyaev–Zel’dovich (tSZ) effect in IGM. In this article, given an
initial power spectrum of PMFs, we show the spatial fluctuation of mass density and temperature of
the IGM and tSZ angular power spectrum created by the PMFs. Finally, we find that the tSZ angular
power spectrum induced by PMFs becomes significant on small scales, even with PMFs below the
observational upper limit. Therefore, we conclude that the measurement of tSZ anisotropy on small
scales will provide the most stringent constraint on PMFs.
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1. Introduction
According to many astronomical observations, we can find the magnetic fields in the universe on
a very wide range of spatial scales. The magnetic fields associate with different types of astrophysical
objects, such as planets [1], ordinary stars [2], compact objects, star clusters, galaxies, clusters of
galaxies [3], and so on. Additionally, some papers have suggested the existence of magnetic fields
in the intergalactic region, also known as the cosmic voids, based on the blazars’ γ-ray observations
[4–7]. The origin of these cosmic magnetic fields is an open question, especially on large scales. Many
scenarios are considered to explain the generation of such magnetic fields, and roughly speaking,
such scenarios are divided into two groups, primordial origin and astrophysical origin. The first
one indicates the mechanisms taking place in the primordial universe, and this scenario predicts tiny
magnetic fields on cosmological scales. These weak seed fields are called “primordial magnetic fields”
(PMFs). The latter entails that the cosmic magnetic fields were generated during or after large scale
structure formation via mechanisms such as Biermann battery or Weibel instability.
The purpose of this study is to investigate how the PMFs affect structure formation after the
recombination epoch, especially during the so-called Dark Ages. In addition, we estimate the Cosmic
Microwave Background (CMB) temperature anisotropy from thermal Sunyaev–Zel’dovich (tSZ) effect,
in order to constrain the strength of PMFs with the cosmological observable. The calculation method
described in this paper is based on our previous work [8].
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2. Materials and Methods
2.1. Formalism of the PMFs
We treat the PMFs as the statistically-isotropic and homogeneous fields, so we can determine the
characteristics of such fields from the power spectrum defined as:
〈B∗i (k)Bj(k′)〉 =
(2pi)3
2
δD(k− k′)(δij − kˆi kˆ j)PB(k) . (1)
In this work, we assume PB(k) as a single power-law function of k with the spectral index nB as:
PB(k) =
nB + 3
2
(2pi)2B2n
knB+3n
knB , (2)
where Bn is the field strength at the normalized scale kn ≡ 2pi Mpc−1. By taking the top-hat window
function in Fourier space, we can find the relation between Bn and Bλ, which is the amplitude of the
PMF smoothed on any other spatial scale λ as:
B2λ =
∫ kλ
0
PB(k)
d3k
(2pi)3
= B2n
(
kλ
kn
)nB+3
, (3)
with kλ = 2pi/λ.
According to some previous works [9,10], we assume the cut-off scale of the PMFs caused by the
damping of Alfvén waves. This cut-off wave number, kc, is given by:
k−2c =
B2λc(trec)
4piργ(trec)
∫ trec
0
lγ(t′)
a2(t′)
dt′, (4)
where trec, ργ, lγ, and a are the recombination time, the energy density of CMB photon, the mean-free
path of CMB photon, and the cosmic scale factor, respectively. Furthermore, λc = 2pi/kc shows the
cut-off wavelength of PMFs.
For k ≤ kc, the power spectrum of PMFs is given by Equation (2), and PMFs are completely
damped for k > kc. Thus, we put the cut-off scale only in the ultraviolet regime. We discuss the effect
of the large-scale fluctuation of PMFs in Section 4. Furthermore, the time evolution of PMFs is assumed
as B(t, x) = B(tnow, x)/a2(t), and we neglect the helicity of PMFs for simplicity.
When we fix the values of Bn and nB, the amplitude of the power spectrum of the PMFs can be
obtained by Equation (2), and the cut-off scale is calculated through Equations (3) and (4). Therefore,
in this model, the parameters Bn and nB determine the statistical property of PMFs. We study the tSZ
effect induced by PMFs in the case of Bn = 0.5 nG and nB = −1, which are not excluded from the
Planck constraint on PMFs [11]. In this work, we perform the numerical calculation of matter density
evolution and the thermal evolution of the intergalactic medium (IGM) gas including the PMFs. We
thus obtain the CMB angular power spectrum with the effect of PMFs via tSZ taken into account. In
the next three subsections, we explain the basic equations we used.
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2.2. Matter Density Evolution with PMFs
When the density contrast δ is smaller than unity, the time evolutional equations of overdensities
can be written in terms of the background baryon density ρb and the cold dark matter density ρc, as
the following [12]:
∂2δc
∂t2
+ 2H(t)
∂δc
∂t
− 4piG(ρcδc + ρbδb) = 0, (5)
∂2δb
∂t2
+ 2H(t)
∂δb
∂t
− 4piG(ρcδc + ρbδb) = S(t), (6)
where H(t) is the Hubble parameter and subscripts “b” and “c” represent the values for the baryon
and the cold dark matter, respectively. S(t) is the source term for the baryon density fluctuation δb due
to Lorentz force, given by:
S(t, x) =
∇ · (∇× B(t, x))× B(t, x)
4piρb(t)a2(t)
, (7)
where B(t, x) denotes the PMFs in a comoving three-dimensional space x and time t and∇ is also taken
in comoving coordinates. Assuming a matter dominated era and δb = 0 during the recombination
epoch, we obtain the solution of Equation (6) as:
δb =
2S(t)
15H2(t)
[{
3
(
a
arec
)
+ 2
(
a
arec
)− 32
− 15 ln
(
a
arec
)}
Ωb
Ωm
+ 15 ln
(
a
arec
)
+ 30
(
1− Ωb
Ωm
)(
a
arec
)− 12
−
(
30− 25 Ωb
Ωm
)]
,
(8)
where Ωm is the density parameter for total matter and Ωb is the one for baryonic matter. Furthermore,
arec ≡ a(trec) is the scale factor at the recombination time trec. In this work, we set the recombination
epoch at zrec ≡ 1089. Note that Equations (5) and (6) are valid only when δb  1 and baryonic pressure
is negligible. The validity of these assumptions will be discussed in the final section.
2.3. Thermal Evolution with PMFs
According to [12], PMFs not only induce the density fluctuation of IGM, but also affect the thermal
history of IGM via an energy dissipation mechanism, so-called ambipolar diffusion. The equation of
IGM gas temperature Tgas evolution with heating due to the ambipolar diffusion is given by [13]:
dTgas
dt
= − 2H(t)Tgas +
δ˙b
1+ δb
Tgas
+
xe
1+ xe
8ργσT
3mec
(Tγ − Tgas) +
Γ(t)
1.5kBnb
− xenb
1.5kB
[Θxe +Ψ(1− xe) + ηxe + ζ(1− xe)],
(9)
where xe, me, σT, Tγ, kB, and nb are the ionization fraction of hydrogen atoms, the rest mass of an
electron, the Thomson cross-section, the CMB temperature, the Boltzmann constant, and the number
density of the baryon gas, respectively. The first term in the right-hand side of Equation (9) is
adiabatic cooling due to the cosmic expansion, and the second is the effect of adiabatic compression (or
expansion) from local density fluctuation. The third one is the energy transfer between CMB photons
and thermal electrons, the so-called Compton heating (or cooling). The forth term with Γ(t) represents
the extra heating source for the IGM, which is injected by the PMF dissipation through ambipolar
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diffusion. We adopt the expression for Γ(t), which means the heating energy per unit time per unit
volume, as [12]:
Γ(t, x) =
|(∇× B(t, x))× B(t, x)|2
16pi2ξρ2b(t)
(1− xe)
xe
, (10)
where ξ is the drag coefficient for H and H+, and here, the value of ξ = 3.5× 1013 cm3g−1s−1 [14].
The last term of Equation (9) with the coefficients Θ, Ψ, η, and ζ is the radiative cooling effects for
hydrogen atoms. We use the definitions and values from [13].
In order to solve Equation (9), we have to follow the evolution of the ionization fraction, as well,
dxe
dt
=
1+ KαΛnb(1− xe)
1+ Kα(Λ+ βe)nb(1− xe)
×
[
−αenbx2e + βe(1− xe) exp
(
− 3Eion
4kBTγ
)]
+ γenbxe ,
(11)
where Kα, Λ, αe, βe, and γe are the parameters for the ionization and recombination processes, and
they are given as the functions of Tgas in [15–17]. Therefore, we calculate Equations (9) and (11)
simultaneously, and we take into account the fluctuations of the IGM density δb, given by Equation (8).
For simplicity, we neglect the presence of helium, heavier elements and, any astronomical objects.
2.4. CMB Angular Power Spectrum
As explained above, the tangled PMFs could generate spatial fluctuations of the IGM number
density nb, ionization fraction xe, and temperature Tgas. They can induce the CMB temperature
anisotropy via the inverse Compton scattering, which is called the tSZ effect. In this subsection, we
derive the angular power spectrum of the CMB temperature caused by the tSZ effect.
The strength of tSZ effect is represented by the Compton y-parameter integrated along a
line-of-sight nˆ [18],
y(nˆ) ≡ kBσT
mec2
∫
dz
cw(nˆ, z)
H(1+ z)
, (12)
In Equation (12), w(nˆ, z) is the convolutional function of nb, xi, and Tgas as,
w(nˆ, z) =
[
xenb(Tgas − Tγ)
]
nˆ,z . (13)
The CMB temperature anisotropies from the tSZ effect are related to the Compton y-parameter as:
∆T
T
(nˆ) = gνy(nˆ), (14)
where gν is a function of the frequency where the CMB is observed, and is given by gν = −4 +
x/ tanh(x/2) with x ≡ hPlν/kBT. Therefore, we obtain the CMB angular power spectrum as:
D` =
`(`+ 1)
2pi
(
gνkBσT
mec2
)2 ∫
dχ
Pw(χ, `/χ)
χ2
, (15)
where ` is the multipole and Pw(χ, k) is the power spectrum of the Compton y-parameter for two points,
with a separation corresponding to wavenumber k at comoving distance χ. We can obtain Pw(χ, k)
from w via Equation (13). We have adopted Limber’s approximation when we derive Equation (15)
because we are interested in only large ` modes, where the tSZ signal dominates the primary CMB
anisotropy.
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3. Results
We performed our simulations for Bn = 0.5 nG and nB = −1. The left panel of Figure 1 shows
the two-dimensional structure of the x-component of the Lorentz force (∇× B)× B, which appears
in Equations (7) and (10). The middle and right panels show the baryon gas temperature and the
baryon number density at z = 10, respectively. The size of each panel is 2× 2 comoving Mpc2. You
can see that the gas temperature rises to ∼20,000 K due to the ambipolar diffusion in several places.
In such regions, the baryon gas density is decreased due to the Lorentz force. Thus, Tgas and nb have
a negative correlation. The reason for this anti-correlation is seen in Equation (10): the heating rate
from the ambipolar diffusion is proportional to ρ−2b . We also have found that the density fluctuation
of the baryon gas exceeds unity soon after the recombination epoch. Therefore, in order to avoid the
negative mass density, we put the lowest bound on density fluctuation of baryon gas as δb = −0.9.
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Figure 1. Illustration of (∇× B)× Bx (left), the gas temperature (middle), and the gas number
density (right) when z = 10. You can see the spatial anti-correlation between Tgas and nb.
In Figure 2, we plot the CMB temperature angular power spectrum D` caused by the tSZ effect
in the IGM due to PMFs. The tSZ angular power spectrum has a sharp peak around the multipole
` ∼ 106. This angular scale corresponds to the PMF cut-off scale, which is of the order 100 comoving
kpc. The current observation can reveal the CMB angular power spectrum only for ` . 104, but the
tSZ angular power spectrum from PMFs dominates the primary one on smaller scales. This is because
the primary component of CMB anisotropy has experienced Silk damping, but the PMFs can continue
to create fluctuations of physical variables of baryon gas after the recombination epoch. Therefore,
the information about the PMF cut-off scale is included in the small-scale CMB anisotropy, due to the
tSZ effect in the IGM. The future ground-based observations, such as “CMB-S4”, would give us much
information on such a small-scale CMB anisotropy.
6 of 8
101 102 103 104 105 106 107
multipole 
100
101
102
103
104
 [
K2
]
CDM
PMFs
ACTPol
Figure 2. CMB temperature power spectrum for the multipole 10 < ` < 107. We plot the resultant
angular power spectrum caused by the tSZ effect from the PMFs with the thick green line. The
result is obtained by integrating Equation (15) from z = 1000 to z = 10, and the parameters for
the PMFs are fixed to Bn = 0.5 nG and nB = −1. The primary component of the CMB angular
power spectrum predicted from the ΛCDM cosmology and the observational data with the Atacama
Cosmology Telescope (two-season ACTPol) [19] are also shown with the blue solid line and the orange
dots with error bars, respectively.
4. Discussions and Conclusions
In this section, we discuss the validity of the setup and assumptions in this study. In this work,
we have fixed the box size as (2 comoving Mpc)3 and the parameters of the PMF model as Bn = 0.5
nG and nB = −1. Although we do not show it in this paper, we have checked the dependence of our
results on these parameters. When we enlarged the simulation box size and calculated the resultant tSZ
signal, we obtained the same amplitude and shape of tSZ signal as those in the fiducial box size. Next,
we followed the IGM evolution with various spectral indices of the PMFs in the range −1 ≤ nB ≤ 2.
As a result, we have also obtained a tSZ signal with a similar shape, but we have found that the signal
amplitude is determined by the cut-off length of the PMFs, which depends on the values of Bn and nB.
Next, we discuss the treatment of the matter density evolution. As seen in Section 2.2, we have
assumed two important conditions to derive Equations (5) and (6). First of all, we neglect the thermal
pressure of the baryon gas, and this condition is satisfied on scales larger than the Jeans scale of the
fluid. We have confirmed that the minimum grid length of our calculation is always greater than
the Jeans length. Next, we found that the local density perturbation is greater than unity soon after
recombination, even for the sub-nano Gauss PMF model. However, the contribution to the tSZ power
spectrum is largely created by the low density region, because of the anti-correlation between the
electron density and temperature. Therefore, this overestimation of the local matter density is not
a severe problem for our results. In order to confirm this point, we will use the cosmological MHD
simulation to estimate such a non-linear effect on the tSZ signal instead of linear perturbation theory
in our future work. Such a simulation is also thought to reveal highly non-linear MHD dissipation
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mechanisms, in addition to the ambipolar diffusion, as recently discussed for the recombination
epoch [20].
In this work, we have investigated the tSZ signal caused by the PMFs in the so-called Dark Ages.
By assuming the power spectrum of the PMFs as PB(k) ∝ B2nknB , with Bn = 0.5 nG and nB = −1, we
consistently solve the evolutionary equations for the IGM gas density and temperature. At last, we
estimate the tSZ angular power spectrum caused by the fluctuations of IGM gas with sub-nano Gauss
PMFs. We found that the PMFs create an anti-correlation between the gas temperature and density. We
have shown that tSZ signal has a sharp peak at ` ∼ 106, which corresponds to the cut-off scale of PMFs
due to the radiative viscosity in the early universe. Therefore we can conclude that the observation of
the small scale CMB temperature anisotropy could give us nature of the cosmic magnetic fields.
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